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OZET

BAZI SONLU HALKALAR UZERINDE TANIMLI SABIT DEVIRLI KODLAR
Abdallah K. A. BALAHA
Ondokuz May1s Universitesi
Lisansiistli Egitim Enstitiisii
Matematik Anabilim Dali
Yiksek Lisans Tezi, Temmuz 2021
Danisman: Dr. Ogr. Uyesi Abdullah DERTLI

Bu tezde, p asal, i =1,2,3,4 ve j=34,i#j i¢in v = v;, vV, = V4,
viv; =vv; =0 olmak iizere R =F,+v,F, +v;F, + v3E, + v4F, + v,1,F,
halkasi {izerinde ay + a v, + a,v, + a3V3 + a, v, + asv,v,-sabit devirli kodlarin
yapist incelenmistir. R™ den FS™ ye bir Gray doniisimii tamimlanarak, n
uzunlugundaki @y + a;v; + @,v, + azv; + auv, + asv,v,-sabit devirli kodlarin
Gray goriintiisiiniin 6n uzunlugunda (g, @y + a1, @y + a5, @y + a3, @y + ay, @y +
a; + a, + as)-multi-twisted kod oldugu gosterilmistir. Ayrica keyfi bir uzunluga
sahip sabit devirli kodlarin iiretegleri belirlenmistir. Son olarak, p = 3 alinarak R
halkas: tizerinde tanimli sabit devirli bir kodun Gray goriintiisii kullanilarak yapilan
bir kod ¢6zme yontemi verilmistir.

Anahtar Sozctikler: Sabit devirli kodlar, multi-twisted kodlar, dual kodlar, Gray
dontlistimii.



ABSTRACT

CONSTACYCLIC CODES OVER SOME FINITE RINGS
Abdallah K. A. BALAHA
Ondokuz Mayis University
Institute of Graduate Studies
Department of Mathematics
Master’s Thesis, July 2021
Supervisor: Asst. Prof. Dr. Abdullah DERTLI

We study the structures of ay+ a vy + ayv, + azvs + auv, + asv v,
constacyclic codes over the family of rings R = F, + v, F, + v,F, + v3F, + v4F, +
vV, F,, where p is a prime and VZ = v, vV, = vy, vy = vy =0, for i =
1,2,3,4 and j = 3,4,i # j. A Gray map from R™ to F™ is introduced and it is shown
that the images of ay + a v, + a,v, + asv; + a,v, + asv,v,-constacyclic codes
of length n are (aq, ag + ay, ay + ay, ay + az, ag + ay, @y + @y + a, + as)-multi-
twisted codes of length 6n. The generators of such constacyclic codes for an
arbitrary length are determined are also discussed. And finally, we describe the
decoding procedure using the Gray image of constacyclic codes over R, where
p=3.

Keywords: Constacyclic codes, multi-twisted codes, dual codes, Gray map.



ACKNOWLEDGMENTS

Here, 1 would like to show my sincere gratitude to my supervisor Asst. Prof.
Dr. Abdullah DERTLI “Thank you for sharing your knowledge and resources”.

I would like to thank Prof. Dr. Yasemin CENGELLENMIS for her valuable
comments.

Finally, I would like also to thank my committee for their evaluation and the
Turkey government scholarship administration for their support and fund.

Abdallah K. A. BALAHA
SAMSUN 2021



TABLE OF CONTENTS

O ZE T .o i
A B S T R A T o v
AKNOWLEDGMENTS ..ottt %
TABLE OF CONTENTS .ottt Vi
LIST OF SYMBOLS ..o e vii
LIST OF TABLES ... viii
L INTRODUCTION .o 1
2. PRELIMINARIES ... e 3

2.1. General Definitions on Algebra ... 3

2.2. General Definitions 0N COAES ........uiviiiieiii e 10

2.3. Generator Matrix, Parity-check Matrix and Special Types of Codes... 14

2.4. Encoding and Decoding with Linear Codes..........cccoeevviieviiieiiinennnnn. 18
3. CONSTACYCLIC CODES OVER R.......ooiiiiiiiiiiiiiie e 22
3.1. The Algebraic Structure Of R .......ccooviiiiiiiiiiiiiii e 22
3.2, GlrAY AP oo 29
3.3. w-CoNStacyCliC COUE OVEN R....ovuniiiiiiiiiiie et 34
3.4. Special Case: f-constacyclic Codes OVer R........cccvvvveveiiieviiieniiiieeennnn 40
3.5. Decoding of f-constacyclic Codes OVer R.....c..ovvvvvviieviiiieiiiiieeiieeeennnn 45
A, CONCLUSION .t 47
REFERENCES ... oo 48
CURRICULUM VITAE .o 49

Vi



7 Q &

~

Fn
n(a)
R[x]
(I

dy(x,y)
du(C)
wg(x)
di(x,y)
d,(0)

w(x)

g(x)
¢(c)
a(c)
@s(c)
Ya(C)
Pqs(C)
(n, M, d)
[n, k,d]

LIST OF SYMBOLS

: Direct sum

: Direct product

: Thering E, + v1F, + v, F, + v3F, + v4F, + v1v;F,
: Field with p elements, where p is a prime

- n-dimensional vector space over F,

: The polynomial representation of a € R™

: The ring of all polynomials with R coefficients

: Principal ideal generated by I

: Usually, to denote a code

: The dual of the code C

: Hamming distance between x and y

: Minimum Hamming distance of a code C

: Hamming weight of codeword x

. Lee distance between x and y

: Minimum Lee distance of a code C

: Lee weight of codeword x

: Usually, to denote a generator matrix of a code

: Usually, to denote a parity-check matrix of a code

: Usually, to denote the generator polynomial of a code
: Gray image of a c € R"

: The cyclic shift of ¢

: The quasi-cyclic shift of c.

: The constacyclic shift of c.

: The multi-twisted shift of c.

. A code of length n with M codewords and distance d

. A linear code of length n, dimension k and distance d

vii



LIST OF TABLES

Table 3.1. Generator polynomial of C; over F5 of length 15. ..o 44
Table 3.2. Generator polynomial of C; over Fg of length 12. ..o 44

viii



1. INTRODUCTION

In 1948, Claude Shannon’s paper “A Mathematical Theory of Communication”
gave birth to the twin disciplines of information theory and coding theory. The basic
goal is efficient and reliable communication in an uncooperative (and possibly
hostile) environment. To be efficient, the transfer of information must not require a
prohibitive amount of time and effort. To be reliable, the received data stream must
resemble the transmitted stream to within narrow tolerances. These two desires will
always be at odds, and our fundamental problem is to reconcile them as best we can.
At an early stage the mathematical study of such questions broke into the two broad
areas. Information theory is the study of achievable bounds for communication and is
largely probabilistic and analytic in nature. Coding theory then attempts to realize the
promise of these bounds by models which are constructed through mainly algebraic
means. Shannon was primarily interested in the information theory. Shannon’s
colleague Richard Hamming had been laboring on error-correction for early
computers even before Shannon’s paper in 1948, and he made some of the first
breakthroughs of coding theory. The following diagram shows the communication

system for transmitting information from a source to a destination through a channel.

Information (Transmitter) _—»| Communication | (Receiver)
source Encoder Channel Decoder
_ Information
Noise sink

The most important part of the above diagram, as far as we are concerned is the
noise, for without it there would be no need for the theory. A code of length n and
size M consists of a set of M vectors each with n components, the components being
taken from some alphabet set S. In classical coding theory S is a field of order |S].
Later more general alphabets are used such as rings. A code C is a set of n-tuples
subset of S”. A linear code C can be specified by a generator matrix G over a set S,
such that C is the row space of G (Dahrouj, 2008).



In this thesis we are concerned about constacyclic codes over the finite rings,
constacyclic codes are an important class of linear codes and have a great interest in
coding theory. It was first introduced by Wolfman in (Wolfman, 1999). Since then,
constacyclic codes have been studied by many authors. Zheng and Kong in (Zheng
and Kong, 2017) studied cyclic and A; + A,u + A3v + A uv-constacyclic codes
over F, + uF, + vE, + uvF, with u*> = u, v®> = v and uv = vu. Zhu and Wang in
(Zhu and Wang, 2011) studied a class of constacyclic codes over E, + vE, with
v2 = v. Dertli and Cengellenmis in (Dertli and Cengellenmis, 2020), obtained
quantum codes from some constacyclic codes over a family of finite rings F, +
uF, + vF,, where p is an odd prime and u* =u, v? =v and uv = vu. The
remainder of this thesis is organized as follows; in chapter 2, we discussed the
preliminaries that we will use; in chapter 3, we define a Gray map from R to £, then
we gave the structures of ay + a v, + a,v, + azvs + a,uv, + asv,v,-constacyclic
codes of arbitrary length over the ring R; in the last section of chapter 3, we give an
example to describe how to apply the decoding algorithms by using the Gray image

of such a constacyclic code.



2. PRELIMINARIES

2.1. General Definitions on Algebra

In this section, we introduce some elementary algebraic structures, such as
groups, subgroups, rings, polynomial rings, ideals, maximal ideals, principal ideals,

irreducible polynomial idempotent, locality of a ring and chain ring.
Definition 2.1.1. A nonempty set of elements G is said to form a group if in G
there is defined a binary operation, called the product and denoted by ” - ” such that
i. Foranya,b € G impliesthata-b € G (closed).
ii. Foranya,b,c e Gimpliesthata-(b-c) = (a-b) - c (associative law).

iii.  There exists an element ee€ G suchthata-e = e-a = aforall ae G

(the existence of an identity element in G).

iv. For every a € G there exists an element a ' € G such that a-a™! =

a~l.a = e (the existence of inverses in G).
A group G is said to be abelian or commutative if the binary operation is

commutative (Hungerford, 2003).

Example 2.1.1. The set of integer numbers Z is an abelian group under the

ordinary addition, where 0 is identity of this group.

Example 2.1.2. Let Z,, denote the set of equivalence classes of Z under

congruence modulo m, Z,, is an abelian group under the modular addition.

Definition 2.1.2. A nonempty subset H of a group G is said to be a subgroup of
G if, under the product in G, H itself forms a group (Hungerford, 2003).

Definition 2.1.3. A nonempty set R is said to be a ring if in R, there are defined
two operations, denoted by ” 4+ ” and ” - ” respectively, such that for all a,b,c,€ R :
I. R is an abelian group with respectto ” + ”;

ii.a-(b-c)=(a-b)-c;



ii. left and right distributive laws:
a-(b+c)=a-b+a-cand(b+c)-a=b-a+c-a
In addition:
iv. ifa-b = b-aforeverya,b € R,thenR is said to be a commutative ring.
v. if R contains an element 1 such that 1-a = a-1; = a for all a e R,

then R is said to be a ring with identity (Callialp, 2018).

Definition 2.1.4. An element a in a ring R with identity is said to be left (resp.
right) invertible if there exists ¢ € R (resp. b € R) such that c.a = 1y (resp. a.b =
1z). The element c (resp. b) is called a left inverse (resp. right) inverse in a. An
element a € R that is both left and right invertible is said to be invertible or to be a
unit (Hungerford, 2003).

Example 2.1.3. The set of 2 x 2 matrices with real number entries with the
operations of matrix addition and matrix multiplication, this set satisfies the above

ring axioms. The element

[1 0
0 1
is the multiplicative identity of the ring. The ring is noncommutative.

Definition 2.1.5. A ring homomorphism ¢ from a ring R to a ring S is a

mapping from R to S such that for all a,b € R:
i ¢(a+ b) = ¢(a) + ¢(b),
ii.  ¢(ab) = ¢p(a)e(b),

(Hungerford, 2003).

Definition 2.1.6. A ring homomorphism that is both one-to-one and onto is

called an isomorphism (Hungerford, 2003).

Definition 2.1.7. Let R be a ring. A nonempty subset I of R is called an ideal if

i. a—bbelongtol, foralla,be I,


https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Matrix_multiplication

ii. r-ae I,a-re [, forallre Randa €1,
(Ling and Xing, 2004).
Example 2.1.4. For any ring, (0) and R are trivial ideals of R.

Definition 2.1.8. An ideal I of a ring R is called a principle ideal if it is

generated by an element g € I suchthat I = (g), where
I = (g)= {gr: re R}
Arring R is a principal ideal ring if every ideal of R is principal. The element g
is called a generator of I and [ is said to be generated by g (Ling and Xing, 2004).

Example 2.1.5. The ring Z is a principal ideal ring.

Definition 2.1.9. Anideal I # R inaring R is said to be a maximal ideal of R
if for any ideal J with I € ], either ] = I or | = R (Herstein, 1975).

Definition 2.1.10. A zero-divisor is a nonzero element a of a commutative ring

R such that there is a nonzero element b € R with ab = 0 (Herstein, 1975).

Example 2.1.6. In the ring of integers Z, the maximal ideals are the principal

ideals generated by a prime number.

Definition 2.1.11. Let I be an ideal of the ring R, the set of all equivalence
classes of R with respect to I (denoted as R/I) is a ring under the two operation @
and © defined as

(a+Dhd B+ =(a+b)+1
(@a+DHOB+I) =(ab)+1
R/I is called the quotient ring (Callialp, 2018).
Definition 2.1.12. A field is a nonempty set F of elements with two operations

‘4’ (called addition) and ‘-’ (called multiplication) satisfying the following

conditions:
I. Fis agroup under the addition operation.

ii. F*isalso a group under the multiplication operation (Callialp, 2018).
5



Remark. A field of order q is often called a Galois field of order g and is

denoted GF (q) or F,.

Theorem 2.1.1. There exists a field of order g if and only if q is a prime power

(i.e., g = p", where p is prime and h is a positive integer) (Hungerford, 1974).

Definitions 2.1.13. Let F be a field. The set

n
F[x] = {Z ax':a; e Fn> 0}

i=0
is called a polynomial ring over F. An element of F[x] is called a polynomial over F
(Herstein, 1975).

Definition 2.1.14. If p(x) = ag + a;x +-- +a,,x™ and q(x) = by + byx +--
+b,x™ are in F[x], then p(x) = q(x) if and only if for every integer i > 0,a; = b;.
Thus, two polynomials are declared to be equal if and only if their corresponding

coefficients are equal (Herstein, 1975).

Definition 2.1.15. If p(x) = ay + a;x +--- +a,,x™ and q(x) = by + byx +--
+b,x™ are in F[x], then p(x) + q(x) = cy + c1x + -+ + c.xt, where for each
i,c; = a; + b; and t = max{m, n} (Herstein, 1975).

Definition 2.1.16. If p(x) = ay + a;x +--- +a,,x™ and q(x) = by + byx +--
+b,x™ are in F[x], then p(x).q(x) = co + c1x + -+ + c,xt, where ¢, = a;by +

as_1by + a;_yb, + -+ agb, and t = m + n (Herstein, 1975).

Definition 2.1.17. If f (x) = X1, a;x" # 0 and a™ # 0, then the integer n is
called the degree of f(x), denoted by deg(f(x)), if (for convenience, we define
deg(0) = —oo) (Herstein, 1975).

Definition 2.1.18. A nonzero polynomial f(x) = Y™, a;x' of degree n is said
to be monic if a,, = 1 (Herstein, 1975).

Definition 2.1.19. A polynomial f(x) € F[x] is said to be irreducible over a
field F if whenever f(x) = a(x) b(x) with a(x),b(x) € F[x] then one of a(x) or
b(x) has degree 0 (constant), otherwise f(x) is reducible (Herstein, 1975).

6



Example 2.1.6. The polynomial g(x) = 1 + x + x? € Z,[x] is of degree 2. It
is irreducible; otherwise, it would have a linear factor x or x + 1 :i.e., 0 or 1 would

be a root of g(x), but g(0) = g(1) = 1 € Z,.

Example 2.1.7. The polynomial f(x) = x* + 2x° € Z3[x] is of degree 6. It is
reducible as f(x) = x*(1 + 2x?).

Example 2.18. In the ring F[x]/(x3—1), the  subset

1={0,1+x,x+x2,1+ x2}isan ideal.

Example  2.1.9. In the ring F,[x]/{x3—1), the subset

I = {0,1+x,x+x2,1+ x2}isaprincipal ideal generated by 1 + x.

Definition 2.1.20. Two polynomials f; (x), f,(x) € R[x] are called coprime if
(fi(x)) + {f2(x)) = R|[x], or equivalently, if there exist g,(x), g»(x) € R[x] such
that f; (x)g1(x) + f2(x)g.(x) = 1 (Herstein, 1975).

A polynomial f(x) € R[x] is called regular if it is not a zero divisor.

Definition 2.1.21. We denote by R, = F[x]/(1+x™), the ring of all
polynomial, modulo (1 + x™) over the field F,; (Ling and Xing, 2004).
A polynomial I(x) € R,, is called idempotent, if I?(x) = I(x)mod(1 + x™).

Example 2.1.10. Consider the polynomial x3 + x© € Z,[x]/{x° + 1),
(x3 + x®)mod (1 + x?) is an idempotent, because:

(3 +x°%)?% = (2 + 2x° + x?) mod(1 + x°) = (x3 + x*)mod(1 + x°)
over Z,.

Definition 2.1.22. A nonempty set V is said to be a vector space over a field F

if V is an abelian group under an operation which we denote by "+ ", and if for

every a € F,v € V there is defined an element, written av subject to
L alv+w) = av + aw;
ii. (a +p)v = av + Bv;
. a(Bv) = (af)v;

iv. 1v = v;



forall a, 8 € F and v,w € V, where (the 1 represents the identity element of F under

multiplication) (Herstein, 1975).

Definition 2.1.23. If V is a vector space over F and if W c V, then W is a
subspace of V whenever w;,w, € W and a,f € F implies that aw; + fw, € W
(Herstein, 1975).

Definition 2.1.24. Let R be a ring. If there is at least positive integer n such
that na = 0 for all a € R, then R is said to have characteristic n. If no such n exists

R is said to have characteristic zero. (Notation: char R = n) (Calhalp, 2018).
Example 2.1.11. The ring Z,, of integers has a characteristic of p.

Definition 2.1.25. Two sets, A and B, are said to be equipollent, if there exists
a bijective map A — B; in this case we write A ~ B. Equipollence is an equivalence

relation on the class S of all sets (Hungerford, 2003).

Definition 2.1.26. The cardinal number (or cardinality) of a set A4, denoted |A4|,
Is the equivalence class of A under the equivalence relation of equipollence. |A] is an
infinite or finite cardinal according as A is an infinite or finite set (Hungerford,
2003).

Definition 2.1.27. A local ring is a commutative ring with identity which has a
unique maximal ideal. A semi-local ring is a ring with finitely many maximal ideals.
A ring R with identity 1z # 0 in which every nonzero element is a unit is called a

division ring (Hungerford, 2003).

Note. All fields are local rings, since {0} is the only maximal ideal in these

rings.

Definition 2.1.28. Let R be a ring. A (left) R-module is an additive abelian
group A together with a function R X A — A (the image of (r, a) being denoted by

ra suchthatforallr,se Randa,be A:
i. r(a+b)=ra+rb

ii. (r+s)a=ra+ sa



iii. r(sa) = (rs)a.
If R has an identity element 1; and
iv. 1za = aforallaeA,

then A is said to be a unitary R-module. If R is a division ring, then a unitary R-

module is called a (left) vector space (Hungerford, 2003).

Definition 2.1.29. Let R be a ring, A be an R-module and B be a nonempty
subset of A. B is a submodule of A provided that B is an additive subgroup of A and
rb e Bforallr e R, b € B. A submodule of a vector space over a division ring is

called a subspace (Hungerford, 2003).

Definition 2.1.30. Let R be a ring (usually assumed to be associative with an
identity element) in which the left ideals form a chain. In other words, R is a left
chain ring if R is a left chain module over itself. Every left chain ring is local. Right

chain rings are defined similarly (Hungerford, 2003).

Note. Any field is a chain ring, since it has two ideals related by enclosure {0}
and the field itself.

Theorem 2.1.2. The rings Z, F4[x] and F,[x]/{x™ — 1) are all principal ideal
rings (Ling and Xing, 2004).
Proof. Let I be an ideal of Z. If I = {0}, then I = (0) is a principal ideal.

Assume that I # {0} and let m be the smallest positive integer in Z. Let a be any

element of Z. By the division algorithm, we have
a=qm-+r (%)

for some integers g and 0 < r < m — 1. The equality (*) implies that r is also an
element of I since r = a — gm. This force r = 0 by the choice of m. Hence,
I = (m). This shows that Z is a principal ideal ring. Using the same arguments, we
can easily show that F[x] is also a principal ideal ring. Essentially the same method
can be employed for the case F,[x]/{(x™ — 1). The zero ideal is obviously principal.
We choose a nonzero polynomial g(x) of a nonzero ideal J with the lowest degree.

For any polynomial f(x) of J, we have



fx) = s(x)g(x) + r(x)
for some polynomials s(x),r(x) € Fg[x]with deg(r(x)) < deg(g(x)). This force
r(x) =0, since r(x) = f(x) — s(x)g(x) € J and g(x) has the lowest degree
among the nonzero polynomials of J. Hence, ] = (g(x)), and the desired result

follows.

2.2. General Definitions on Codes

In this section, we define alphabet, codes, codewords, or strings, codes over
fields, Hamming weights, Hamming distances and other elementary topics in coding

theory.

Definition 2.2.1. Let A = {a,,ay, ..., aq} be a set of size g, which we refer to

as a code alphabet and whose elements are called code symbols.

I. A g-ary word of length n over A is a sequence w = w;w, ...w,, With each

w; € A for all i. Equivalently, w may also be regarded as the vector
(Wl, Ws, ...,Wn).

Ii. A g-ary block code of length n over A is a nonempty set C of g-ary words

having the same length n on C c A™.
iii. An element of C is called codeword in C.
iv. The number of codewords in C, denoted by |C|, is called the size of C.
v. The information rate of a code C of length n is defined to be (log, [C])/n.

vi. A code of length n and size M is called an (n, M)-code (Ling and Xing,
2004).

Example 2.2.1. Let C = {(0,0), (1,0),(0,1),(1,1)}. Then (0,1) is a codeword
and |C| = 4.

Definition 2.2.2. Let x and y be words of length n over an alphabet A. The
(Hamming) distance from x to y, denoted by d (x, y), is defined to be the number of

places at which x and y differ. If x = (x4, ..., x,,) and y = (¥4, ..., ¥»), then

dy(x,y) = dy(xg,y1) + -+ dy(xn, yn)
10



where x; and y; are regarded as words of length 1, and

1:x; #y;
dH(xi;Yi) :{O:xizyi

(Ling and Xing, 2004).

Example 2.2.2. Let A = {0,1,2,3,4} and x = (1,2,3,4),y = (1,4,2,3),z =
(3,2,1,4). Then

dy(x,y) = 3,
dH(y'Z) = 41
dy(z,x) = 2.

Proposition 2.2.1. Let x, y, z be words of length n over A. Then we have
I. 0 < dy(x,y) < n,

ii. dy(x,y) =0 & x =y,

. dy(xy) = dy(y, %),

iv. dy(x,z) < dy(x,y) + dy(y,z) (Ling and Xing, 2004).

Definition 2.2.3. For a code C that containing at least two words, the

(minimum Hamming) distance of C, denoted by dy(C), is

dy(C) = min{dy(x,y):x,y € C,x # y}
(Ling and Xing, 2004).

Example 2.2.3. Consider the code € = {(0,0,0), (0,1,0), (1,0,1), (1,1,1)}, then
dy(C) = 1.

Let Fy be the set of all vectors of length n with entries in F, :

FZ = {(al,az, ...,an) : al € Fq;L = 11 ln}

The set Fy is a vector space over F,.
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Definition 2.2.4. A linear code C of length n over finite field F, is a subspace

of the vector space Fg (Ling and Xing, 2004).

Example 2.2.4. The code in (Example 2.2.3.) is a linear code of length n over
F,.

Definition 2.2.5. Let x be a word in F. The Hamming weight of x, denoted by
wy (x), is defined to be the number of nonzero coordinates in x; i.e.,
WH(x) = dH (X, 0)'

where 0 is the zero word (Ling and Xing, 2004).
Example 2.2.5. The Hamming weight of x = (0,0,1,1,0,1,0,1) is wy(x) = 4.
Lemma2.2.2. If x,y € F, then
dy(x,y) = wy(x =)

(Ling and Xing, 2004).

Proof. For x,y € FZ,dy(x,y) = 0if and only if x = y, which is true if and
only if x —y = 0 or equivalently wy(x — y) = 0.

dy(,y) = dy(x,y1) + dy(xz,¥2) + - + dy(xn, yp),
wy (%) = wy(x1) + wy () + -+ + wy(xn).

Similarly

wp(x — y) = wy(xy — y1) + wy(xz — y2) + - + wy(n — yn)

wy(x — y) = dy(x,y1) + dy(xz,¥2) + - + dy(xn, yn)-

Then dy(x,y) = wy(x — y).

Definition 2.2.6. Let C be a code. The minimum (Hamming) weight of C,

denoted by wy (C), is the smallest of the weights of the nonzero codeword of C (Ling
and Xing, 2004).

Theorem 2.2.3. Let C be a linear code over F,. Then dy(C) = wy(C) (Ling
and Xing, 2004).
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Proof. From Lemma 2.2.2 we have dy(x,y) = wy(x — y). From the

Definition 2.2.3, there exist “x, “y € C such that dy("x, y) = dy(C), so

dy(C) = dy(x,’y) = wg('x — 'y) = wy(C)
since 'x —y e C.
Conversely, thereisa z € C \ {0} such that wy(C) = wy(2). So
wy(C) = wy(2) = dy(z,0) = dy(C)
Then we have

dy(C) = wy(O).
Definition 2.2.7. If C is a k-dimensional subspace of Fg, then C will be called
a linear [n, k]-code over F, (Ling and Xing, 2004).
Definition 2.2.8. Let C be a linear [n, k]-code. The set
ct ={xe F}|x-c = 0,vce C}
is called the dual code for C, where x - ¢ is the usual scalar product x;c; + x,c, +
-+ + x,c,, Of the vectors x = (x4, X, ..., x,) and ¢ = (¢q, C5, ..., ¢;,). Note that C* is a
linear [n,n — k]-code (Ling and Xing, 2004).
Theorem 2.2.4. Let C be a linear code of length n over F,. Then
i |C| — qdim(C),
ii. dim(C) + dim(C*) = n,
iii. (CY)* = C (Ling and Xing, 2004).

Definition 2.2.9. Let C be a linear code. C is called self-orthogonal if C c C+
and self-dual if ¢ = C* (Ling and Xing, 2004).

Theorem 2.2.5. A self-dual linear code must have even length (Ling and Xing,
2004).

Proof. Suppose that C is a linear code of length n. From Theorem 2.2.4 we
have dim(C) + dim(Ct) = 2dim(C) = n, then dim(C) = n/2. Therefore n must

be even.
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2.3. Generator Matrix, Parity-check Matrix and Special Types of Codes

Knowing a basis for a linear code enables us to describe its codewords
explicitly. In coding theory, a basis for a linear code is often represented in the form
of a matrix, called a generator matrix, while a matrix that represents a basis for the
dual code is called a parity-check matrix. These matrices play an important role in
coding theory.

Definition 2.3.1. i. A matrix G whose rows form a basis for C is called a
generator matrix for a linear code C.
ii. A parity-check matrix H for a linear code C is a generator matrix for the
dual code C* (Ling and Xing, 2004).

Definition 2.3.2. Any k X n matrix G with k < n whose first k columns the

k x k identity matrix I, so
G = (Ix|X)

has linearly independent rows and in RREF. Thus, G is a generator matrix for some
linear code of length n and dimension k. A generator matrix G is said to be standard
form, and the code C generated by G is called a systematic code (Ling and Xing,
2004).

Theorem 2.3.1. If G = (I|X) is a generator matrix for the [n, k] code C in
standard form, then H = (—X*|I,,_;) is a parity-check matrix for C (Ling and Xing,
2004).

Remark. If C is an [n, k]-linear code, then a generator matrix for C must be a

k x n matrix and a parity-check matrix for C must be an (n — k) X n matrix.

Theorem 2.3.2. If G is a generator matrix for a linear code C, then any matrix
row equivalent to G is also a generator matrix for C. In particular, any linear code has

a generator matrix in RREF (Ling and Xing, 2004).

Example 2.3.1. A generator matrix and a parity-check matrix for the binary
linear code C = (S), where S = {(1,1,1,0,1), (1,0,1,1,0), (0,1,0,1,1), (1,1,0,1,0) } are

obtained as follows:
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11101 11101 10001

10110 01011 01011
A= — —

01011 00111 00111

11010 00000 00000

which is in RREF. By Theorem 2.3.1, we have

100[01
G=<01011>:$H=(21132)
001l11

Theorem 2.3.3. Let C be a linear code and let H be a parity-check matrix for

C. Then

i.  C has distance > d if and only if any d — 1 columns of H are linearly

independent; and

ii. C has distance < d if and only if H has d columns that are linearly

dependent (Ling and Xing, 2004).
Corollary 2.3.4. Let C be a linear code and let H be a parity-check matrix for
C. Then the following statements are equivalent:
i.  C hasdistance d;
ii. Anyd — 1 columns of H are linearly independent and H has d columns

that are linearly dependent (Ling and Xing, 2004).

Example 2.3.2. Let C be a linear code over F, with parity-check matrix

10100
H={11010

01001

By inspection, it is seen that there are no zero columns and no two columns of H sum
to 0, so any two columns of H are linearly independent. However, columns 1, 3 and

4 sums to 0, and hence are linearly dependent. Therefore, the distance of C isd = 3.

Theorem 2.3.5. If H is a parity-check matrix for a linear code C of length n,
then C consists precisely of all words x in Fg such that xHT = 0. “And this is why

it is called parity-check” (Ling and Xing, 2004).
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Definition 2.3.3. A linear code is said to be cyclic of length n over R if it is
invariant under the cyclic shift acting on R defined by o(ry, 7y, ..., Th-1) =
(T—1,To» --»Tn—2) (Ling and Xing, 2004).

Example 2.3.3. Let ¢ = {(0,0,0),(0,1,1),(1,1,0),(1,0,1)} be a [3,2,2]-linear
code over F,, then C is a cyclic code.
Remark: In order to convert the combinatorial structure of cyclic codes into an
algebraic one, we consider the following correspondence:
m: Fg — Fg [x]/{x" — 1)
n—1_

(ap, @y, ey Q1) = ag + a1 x + -+ a,_1x
Then m is an F,-linear transformation of vector spaces over F,. We know that
F, [x]/{(x™ — 1) isaring (but not a field unless n = 1).
Example 2.3.4. Consider the cyclic code
C = {(0)0)0)1 (11110)’ (1l0l1)' (01111)}1

then

n(€) ={0,1+x,1+ x%,x + x2} c F,[x]/{x3 — 1).

Theorem 2.3.6. Let m be as defined earlier. Then a nonempty subset C of Fy is
a cyclic code if and only if 7(C) is an ideal of F,[x]/{(x™ — 1) (Ling and Xing,
2004).

Theorem 2.3.7. Let I be a nonzero ideal in F,[x]/(x™ — 1) and let g(x) be a

nonzero monic polynomial of the least degree in I. Then g(x) is a generator of I and
divides x™ — 1 (Ling and Xing, 2004).

Theorem 2.3.8. There is a unique monic polynomial of the least degree in
every nonzero ideal I of F,[x]/(x™ — 1) (Ling and Xing, 2004).

Definition 2.3.4. The unigue monic polynomial of the least degree of a
nonzero ideal I of F,[x]/{(x™ — 1) is called the generator polynomial of /. For a
cyclic code C, the generator polynomial of m(C) is also called the generator

polynomial of C (Ling and Xing, 2004).
16



Definition 2.3.5. For a given unit w € R, a linear code is said to be w-
constacyclic of length n over R if it is invariant under the y,,-constacyclic shift acting
on R defined by

Vo:R® >R
ya) (rO' T'l, L] r‘n—l) = ((‘)rn—li rO! ey rn—Z)'
Moreover, if R = F g, then C is an ideal in the ring F,[x]/{x" — w) (Zhu and Wang,

2011).

Note. When w = 1, C is said to be a cyclic code. When w = —1, C is said to

be a negacyclic code.

Definition 2.3.6. A linear code is said to be quasi-cyclic of length n = ms and

order s over F,, if it is invariant under the ¢,-quasi-cyclic shift acting on F7; defined
by
¢ Fy > Fp
ps(at|a®| ...|a%) = (o(aV)|a(a®)] ..|o(a®))
where a' € F' (Zheng and Kong, 2017).
Definition 2.3.7. For a given vector Q = (w;|w; € F),1 <i <), a linear

code is said to be Q-multi-twisted of length n = ms and order s over F,, if it is

invariant under the ¢ ;-multi-twisted shift acting on F}; defined by
pas: Fp > Fp
pas(at|a®] ..1a®) = Vo, (@)Va, (@)] .. v (@)
where at € F p»' (Aydin and Halilovi¢, 2017).
Example 2.3.5. Let v = (1,0,2,0,3,1),u = (1,2,0,1,2,1) and w = (3,2,1,1,2,3)
be codewords in F¢:
i. y2(v) =(2,1,0,2,0,3),
ii. @,(w) =(0,1,2,1,1,2),
iii. @q.(w)=(332112), Q= (32).
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2.4. Encoding and Decoding with Linear Codes

Let C be an [n, k, d]-linear code over the finite field F,. Each codeword of C
can represent one piece of information, so C can represent g* distinct pieces of
information. Once a basis {ry,.., 1} is fixed for C, each codeword v, or,
equivalently, each of the g* pieces of information, can be uniquely written as a linear

combination,
UV = Uy F o Uy

where uy, ..., ux € Fy.
Equivalently, we may set G to be the generator matrix of C whose ith row is
the vector r; in the chosen basis. Given a vector u = (uy, ..., u, ) € FE, it is clear

that
V=uG ov=ur + oty
is a codeword in C. Conversely, any v € C can be written uniquely as v = uG < v,
where u = (uy,...,ux ) € F’g. Hence, every word u € F’g can be encoded as
v = uG.
The process of representing the elements u of F’; as codewords v = uG < vin

C is called encoding.

Example 2.4.1. Let C be the binary [5, 3]-linear code with the generator matrix

10110
G=101011

00101

u = (0,0, 1) is encoded as:

10110
v=uG = (001)(01011) =(0011) < (0,0,1,1)
00101
Remarks. If an [n, k, d]-linear code C has a generator matrix G in standard
form, G = (I |X), then it is trivial to recover the message u from the codeword
v = uG since v = uG = u(l |X) = (u,uX); i.e., the first k digits in the codeword

v = uG give the message u and they are called the message digits. The remaining
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n — k digits are called check digits. The check digits represent the redundancy which

has been added to the message for protection against noise.

But when it comes to cyclic or constacyclic codes, it is more preferable to use
the polynomial form for encoding and decoding processes. Here, the encoding
process is simply a polynomial multiplication between the message polynomial and
the generator polynomial of that code, while the decoding process tends to be more
sophisticated (but still simple) in order to retrieve the original message.

Example 2.4.2. Let g(x) =1+ x +x% + x3 + x® € F,[x] be the generator
polynomial for a [15,9]-linear code and m(x) = 1 + x be the message polynomial,

then the corresponding codeword of that message is
c)=(1+x)A+x+x2+x3+x%)=1+x*+x°+x7
or it can be rewritten as m = (1,1,0,0,0,0,0,0,0) and
¢ =(1,0,0,0,1,0,1,1,0,0,0,0,0,0,0).
Definition 2.4.1. (Ling and Xing, 2004) Let C be an [n, k, d]-linear code over

F, and let H be a parity-check matrix for C. For any € Fg, the syndrome of w is the

word
SwW)=wH' =z o ze Fj",
Steps to construct a syndrome look-up table assuming complete nearest
neighbor decoding

Step 1: List all the cosets for the code, choose from each coset a word of least

weight as coset leader u.

Step 2: Find a parity-check matrix H for the code, then for each coset leader wu,
calculate its syndrome S(u) = uHT.

Decoding procedure for syndrome decoding

Step 1: For the received word w, compute the syndrome S(w).

Step 2: Find the coset leader u next to the syndrome S(w) = S(u) in the

syndrome look-up table.

Step 3: Decodewas v =w —u.
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Example 2.4.3. Let ¢ =2 and C = {(0,0,0,0), (1,0,1,1), (0,1,0,1),(1,1,1,0)}.
Decode w = (1,1,0,1).

First, we need to find the parity-check matrix H

#=(1101)

then, we need to construct a syndrome look-up table

Coset leader ~ Syndrome

(0,0,0,0) (0,0)
(0,0,0,1) (0,1)
(0,0,1,0) (1,0)
(1,0,0,0) (1,1)
Then we compute
1010

S(W)=WHT=(1101)(1101)=(11)<—>(1,1).

From the table above, the coset leader is (1,0,0,0). Therefore, (1,1,0,1) —
(1,0,0,0) = (0,1,0,1) was the most likely codeword sent.
The same procedures can be carried upon polynomials with a simple

modification.

Theorem 2.4.1. Let H = (I,,_j |A) be a parity-check matrix of a g-ary cyclic
code C. Let g(x) be the generator polynomial of C. Then the syndrome of a vector
w € Fy is equal to w(x) mod g(x); i.e., the principal remainder of w(x) divided by
g(x) (note that here we identify a vector of F with a polynomial of F[x]/(x™ —

1), and thus w(x) is the corresponding polynomial of w (Ling and Xing, 2004).

Definition 2.4.2. A cyclic run of 0 of length | of an n-tuple is a succession of [

cyclically consecutive zero components (Ling and Xing, 2004).

Example 2.4.4. ¢ = (0,0,0,1,1,0,1,0,0,1,0) has a cyclic run of 4 consecutive

Zero components.
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Decoding algorithm for cyclic codes:

Let C be a g-ary [n, k,d]-cyclic code with generator polynomial g(x). Let
w(x) be a received word with an error pattern e(x), where wy(e(x)) <
[(d —1)/2]and e(x) has a cyclic run of 0 of length at least k. The goal is to

determine e(x).
Step 1: Compute the syndromes of x‘w(x), fori = 0,1,2,...,and
denote by s;(x) the syndrome (x‘w(x) (mod g(x))).
Step 2: Find m such that the weight of the syndrome s,,, (x) for x™w(x)
is less than or equal to |(d — 1)/2].
Step 3: Compute the remainder e(x) of x™ ™s,, (x) divided by x™ — 1.
Decode w(x) to w(x) — e(x).
Example 2.4.5. Consider the binary [15,7,5]-cyclic code generated by

gx) =14+ x*+x®+x7 + x8, by following the above algorithm, we can correct

up to 2 bits by an error pattern with a cyclic run of zeros of length at least 7.
Consider the received word
w(x) = (1,1,0,0,1,1,1,0,1,1,0,0,0,1,0) = 1 + x + x* + x5 + x° + x8 + x° + x13

By Computing the syndromes s;(x) of xiw(x) until wy(s;(x)) < 2, we see that it is

only true for s,(x) = 1 + x5, thus w(x) decoded to
wx) —x8s, () =w(x) —x® —xB¥ =1+x+x* + x5+ x% +x°

= (1,1,0,0,1,1,1,0,0,1,0,0,0,0,0).
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3. CONSTACYCLIC CODES OVER R

In this chapter, we discussed some details about the ring R in theorem/proof
manner. We also discussed some results describing the general structure of w-
constacyclic code over the same ring in the same manner, where w = a, + a;v; +
a,v, + asv; + a,v, + asv,v,. Itis fair to mention that most of the theorems in this
chapter were proved under the light of (Zhu et al., 2010), (Qian et al., 2006), (Zhu
and Wang, 2011) and (Zheng and Kong, 2017).

3.1. The Algebraic Structure of R

Consider the polynomial quotient ring

R™ = Fp[v]/(vf — v, viv; = vjv;, v10, — v,0)

_|ag + avy + axv, + azvs + agv, + asviv, + (v —v; ,ViVj = VjV;, V1V — Vo) ¢
B as€F,,0<s<5i=1234, j=34,i+]

Since

aog + a v, + a,v, + azvs + auv, + asv v, + (0)

ap + a1v; + AV, + azvs + auv, + asviv, + 0k ag € Fy,
B keF,[v] 0<s<5i=1234

= {ao + a1v1 + azvz + a3173 + a4174 + asvle}
we have
R~ = {{ao + a1 + ayv, + azvz + agv, + asvivy}ias €Fp,0<s <5 }

So R:=F, + v F, +v,F, + v3F, + v,F, + v,v,F, isacommutative finite ring.

Theorem 3.1.1. R=R".

Proof. Let us define a mapping from R to R~ as follows:

f:R - R~
a=ag+ av; +a,v, +azvs +auv, +asviv, — fla) =4

where { = {ay + a;v; + a,v, + azvs + ayv, + asv v, )

Let a and b be two arbitrary elements in R, where
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a=ag+avy+ayv, +azvz + auv, + asv,v,,
b = bo + blvl + bzvz + b3173 + b4_v4_ + bsvlvz.
a=b ©a;=b,0<i<5 & {a}={b} e f(a) =f(b)

from the last statement, the mapping f is well-defined and one-to-one.

It is clear to see that |R| = |R™| = p®, and since f is one-to-one, f is also surjective.

fla+b) =f(ag + ayvy + ayv, + azvs + auv, + asv,v, + by + byvy + byv,
+ b3v3 + byvy + bsv,v;,)
= f((ag + bo) + (ay + by)vy + (az + by)v, + (az + b3)vs + (ay
+ by)vs + (as + b5)v1v7)
= {(ao + bo) + (a; + by)v1 + (az + ba)v, + (az + b3)vs + (a,
+ by)vy + (as + bs)v1v,}
={ay + a v, + a,v, + azvs + a,v, + asv vy} + {by + b1y

+ byv, + b3vs + byvy + bsvyv,} = f(a) + f(b)

f(a-b) = f(aghy + (aghy + arby + a1b1)vy + (agh; + azbg + azb,)v,
+ (agh; + asby + asbs)vs + (aghy + ayby + ab,)v,
+ (apbs + a1b, + a1bs + ayby + aybs + ashy + asb; + asb,
+ asbs)v1v;)
= {ayby + (aphy + a1by + a,by)v; + (agb, + ayby + a,b,)v,
+ (agh; + asby + asbs)vs + (aghy + ayby + ab,)v,
+ (apbs + a b, + a1bs + ayby + aybs + ashy + asb; + asb,
+ asbs)viv,}

f@a) - f(b) ={ap + a1v; + av; + azvz + av, + asv,v,} - {bo + byvy + byv,
+ b3v3 + b4v4, + b5v1v2} = f(a . b)

from the last two equalities, we showed that f is a ring homomorphism. Therefore, f

is aring isomorphismfrom RtoR~. =
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We define R to be the ring with all the elements of the form
a=ag+a,v; +a,v, +aszvz +a,v, + asvv,

2 _ : : — : — _
where a; € F,,,0<s <5 and vy =v;,1 < i <4 ; vV, = V01 ; V0 = V1V =

V3Vy = VU3 = V1V, = 0.
Every element a € R can be rewritten as

a=agAy + (ag + a)dy, + (ag + ax)A3 + (ag + az)As + (ag + ag)As + (ag + a4
+ a, + a5)/16

where
Al = 1_v1_v2_v3_174+171172,
Ay = V1 — V10,

A3 =V —V1V;,

A4 = 173,
15 =Ty,
/16 = Ulvz.

It is easy to show that the following formulas are true:

6
i=1

Theorem 3.1.2. The characteristic of R is p. Moreover, every element a in R*
is a zero divisor unless (aP~! — 1) = 0, where p is prime.

Proof. Consider the ring R = F,, + v;F, + v, F,, + v3F, + v,F, + v,v,F,,
let a € R such that a = ay + a,v; + a,v, + azvs + a,v, + asv,v,, then pa =
pay + pa, vy + payv, + pazvs + pasv, + pasv,v, = 0, since charF, = p. Thus
charR = p.

Moreover, according to Fermat’s theorem, which states that: If p is prime, then
aP? = aforall a € F, orequivalently, a? = a(mod p) forall p. InR, a? = a{1; +
(ag + a;)PA, + (ag + ay)PA; + (ag + a3)PA, + (ag + ay)? As + (ay + a; + a, +
as)PAe = aghy + (ag + ap)d; + (g + az)As + (ag + az)ds + (ag + ag)ds +
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(ap + a; + a, + as)Ag = a, then a(a?~! — 1) = 0, which gives that every element
in R* is a zero divisor unless (aP~! — 1) = 0. [

The previous theorem gives us a condition which is satisfied by every element
in R except 1;. But we already know that A;4; = 0,i # j, which also makes these

zero divisors too. By this fact we deduce that R is not an integral domain ring.
Remark: When p = 2, there is no unit in R except 1.

Theorem 3.1.3. For all a € R, a is a unit in R if and only if a; # 0, where
a =% k.

Proof. Assume that a be a unit in R such that a = Y7, a;4;, where a; = 0 for
some j and let a! be the inverse of a in R such that
a-at=Cl, i) a7 tA) =Y aia A = X8, A, = 1. But, in order to
make the last equality true, a;a;* must equal 1, where 1 < i < 6. Since a; = 0 for
some j, there is no element in the field F,, satisfy the equality of aja; " = 0a; " = 1,
and this contradict with the first assumption. Hence, a is a unitin R if a; # 0, where
a=Y%, al;.

Assume that a € R and a; # 0, where a = Y%_, a;1;. Since a; € F,, there
exist a; ' € F, such that a;a;' =1. Now let a™* be in R such that a7 =

iar A thena-a™t = (B ad) (Tl o A) = T e A = X A =1,
which implies that a~1 is the inverse of a and a is unit in R. Therefore, for all a € R,

aisaunitin R ifand only if a; # 0, where a = ¥5_, a;4;. =

Theorem 3.1.4. R is a non-chain ring.

Proof. The proof is trivial since (4;)s are ideals in R and (1;) N (4;) = {0},
where i #j. =

Theorem 3.1.5. R is a local ring with a uniqgue maximal ideal generated by
(/11 + /12 + /13 + /14, + /15'/16)1 Whel’e p == 3

Proof. In order to prove this theorem, the following algorithm has been written
to find the non-unit set, then check whether it is an ideal or not, then finding its

generating elements.
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Start:
Step 1: List R elements in ¥.°_; a;A; form;
Step 2: Construct a multiplication table for R as T;
Step 3: For each column cin T
If1 = Y%, 2; is not a member of ¢, then
Add the first element in column c to the set of non-units U;
Else Continue;
Step 4: Foreachu in U
Ifu-RisinU and
Ifu+UisinU and
If(u+(—1)) UisinU, then
U is the maximal ideal;
Else U is not an ideal;
Step 5:if U is the maximal ideal, then
Select i elements from U as {uy, ..., u;}, where i = 1;
For each {uy, ..., u;} combination in U
Ifu; R+ -+ u; - Risequal to U, then
U generated by (uy, ..., u;);
Elsei =i+ 1;
Else End.

By implementing the previous algorithm using MATLAB, the theorem proved. m

Theorem 3.1.6. R = ® (4;).

1<i<6

Proof. Since R = @ (4;) already, has a multiplication identity 1, and the

1<i<6
intersection of each (4;) is equal to {0}, then (A;) form a partition for R. By applying
the Chinese Reminder Theorem,

RIC® ()N (A) = RAD}=R = R/(@ (A) ®R/() = (A1) ® R/(Aa).

<i<6

Since R' =R/(A;) = @ (4;), then
2

26



R’/(ggas6 (4i) N {22)) =R'/{0} =R = R’/3SEP;6 (4) @ R'/{22) = (A1) ® (12) ®
R'/(4;), and so on until R = (1;) @ (12) ® (13) ® (14) ® {15) ® (4s). m

Proposition 3.1.1. A subset C of R™ is a linear w-constacyclic code of length n

over R if and only if its polynomial representation is an ideal of R[x]/(x™ — w).

Proof. Suppose that w(C) is an ideal of R[x]/(x™ — w), where m be as
mentioned in page 15. From the definition of the ideal, we can deduce easily that C

is a linear code.

Let ¢ = (¢, ¢4, .-, Cn—1) be a codeword of C, the polynomial representation of
cism(c) = Y4 cixt € m(C), but since m(C) is an ideal of R[x]/(x™ — w), we have
xm(c) = wep_g + Y cixtt e m(€), then (wcy_q,Co,Chy s Cnoz) € C Which
means that C is a linear w-constacyclic code of length n over R.

Conversely, let C be a linear w-constacyclic code of length n over R and
f = (fo, f1, -, fa—1) be a codeword of C. It is easy to show that (¥, (f)) = xf (x),
where f(x) = n(f).

Then Vi >0, we have x‘f(x) e m(C). Since C is a linear code, Va,b €

R,V i,j € N*,
a (x‘f(x)) +b (xjf(x)) e m(C)

which implies that

n—-1

90 =) gixt e RI/G" —0) gD @ = Y. GG f @) e n(©)

1=

Therefore, (C) is an ideal of R[x]/(x™ — w). ]

Proposition 3.1.2. Let u be a mapping from R[x]/{(x™ — 1) to R[x]/{(x™ — w)
defined by:

u(f () = f(wx).

Ifn=(k+1)(p—-1)—1,keN,pisanodd prime and p t n, where p is the

characteristic of R, then u is a ring isomorphism.

Proof. Now, we need to show that u is one-to-one mapping.
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For f(x),g(x) € R[x]/{(x™ —1), f(x) = g(x)mod(x™ —1) if and only if
there exists at least one polynomial h(x) € R[x]/{(x™ — 1) such that f(x) — g(x) =
h(x)(x" — 1) if and only if

f(wx) = g(wx) = h(wx)((wx)" — 1))

if and only if
f(wx) — g(wx) = h(wx)(@w"x™ — wP~1)
if and only if
f(wx) — g(wx) = h(wx)wP~2 (" P*2x" — w)
if and only if
f(wx) — g(wx) = h(wx)w?P~? (x" — w)
if and only if

u(f(x) = u(g(x))mod(x™ — w).
Therefore, u is also one-to-one.

From the definition of y, it is clear to see that for all f(x) € R[x]/{(x™ —
w), there exist f(wx) € R[x]/{(x® —1) such that u(f(wx))=f(w lwx) =
f (x),which implies that u is onto too.

Therefore, u is a ring isomorphism. [ |

Corollary 3.1.1. I is an ideal of R[x]/(x™ — 1) if and only if u(I) is an ideal
of R[x]/(x™ — w), where n=(k+1)(p—1)—1,keN, p is an odd prime and
p t n, where p is the characteristic of R.

Proof. Suppose that I is an ideal of R[x]/(x™ — 1). Let f(wx), g(wx) € u(l),
where f(x), g(x) € I.

u(f ) +g() e u), but u(f(x) + g(x) = u((f + @) = (f + g)(wx)
= f(wx) + g(wx) € u(l).
Let (%) € R[x]/(x" — w). u(F G)R(x)) € u(1), but u(f ()A()) = u((f - (X))

= (f - W (wx) = f(wx)h(wx) € u(D).
Which implies that (1) is an ideal of R[x]/(x™ — w).
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Conversely, suppose that p(I) is an ideal of R[x]/{(x™ — w). Let f(x),g(x) €
I, then f(wx) + g(wx) = (f + g)(wx) = u((f + 9) ) € u().

Since u is a ring isomorphism, there exist u~* such that p~1 (u((f +g)(x))) =

fF+9)x)=fx)+gx) el

Let h(®) € R[x]/(x" — 1). Fl@n)h(@x) = (F - D@x) = u((f - @) €

u(@), then wt (u((f - @) = F WG = FEORG) e 1.
Which implies that I is an ideal of R[x]/(x™ — 1). [

Corollary 3.1.2. Let i be the permutation of R™ withn=(k+ 1)(p—1) —
1,k € N, p is an odd prime and p t n, where p is the characteristic of R, such that
(o, €1, Ca ey Cpq) = (Co, wCy, w?cCy, ..., " c,_1), and D be a subset of R™, then

D is a linear cyclic code if and only if (D) is a linear w-constacyclic code.

Proof. The proof is a direct result from Proposition 3.1.2 and Corollary 3.1.1.

3.2. Gray Map

Every element r of R can be represented as r = a + v, b + v,¢c + v3d + v,e +
vV, f, Where a, b, c,d, e, f € F,. We define the Gray map as follows:
¢:R—Fj
r=a+vb+vy,c+vid+ve+vvf— ) =0
where a,b,c,d,e, f € Fp,, 0 = (a,a+b,a+c,a+d,at+ea+b+c+f).
The Gray map naturally extends to R™ as follows:
¢(ro, 71, s Tnet) =6

Where ¢ = (ao, ay, ..., An-1,q9 + bo, aq + bl, ey, A1 + le—l’ ay + Co, A1 +
C1) ey Ap_1q + Ch-1,Qp + do, aq + dl, v, Ay + dn—l’ ay + €p, A1 + €1, ..., Ap_1 +

en—1,00+by+co+ fo,ay+by+cy+ fi, Qg F bp1 +Cpeq + fr1) -
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Definition 3.2.1. We define the Lee weight as follows,
w,:R—->N
r=a+vb+v,c+vd+ve+vv,f o w(r) =k
where a,b,c,d,e,f € F,, k =wy(a,a+b,atc,atd,atea+b +c+f).

The Lee weight of a codeword a = (ay, a4, ..., a,—1) € R™ is defined by

wy(a) = z wy(a;)
i=0

and the Lee distance between a, b € R™ is defined by
d,:R"XR"—-> N
dy(a,b) = wi(a—b) = X5 wi(a; — by).

The minimum Lee distance of C is the smallest nonzero Lee distance between all
pairs of distinct codewords. The minimum Lee distance over a linear code C over R
is denoted by d, (C).

Example 3.2.1. Let ¢ =3+ 4v, + 2(v, + v3) + v, + v,v,, Where c € R.
Then the Lee weight of c is w, (c¢) = wy(3,2,0,0,4,0) = 3.

By the definition of the Gray map, we can get the following theorem easily:

Theorem 3.2.1. ¢ is a linear and distance preserving map from (R™, d;) to
(Fg”, dy).

Proof. It is easy to show that ¢(x — y) = ¢p(x) — ¢(y) for x,y € R™ since it

inherits this property from F,,
dy (6, y) = w(x — y) = wy(p(x = y)) = wy(d(x) — p()) = dp(d(x), p(¥))
which means that ¢ is indeed a distance preserving map from (R™,d,) to (F5", dy).

Now, to prove that ¢ is a linear map from (R",d,) to (F3", dy), letr; = a; +

v1b; + vy¢; + v3d; + vae; +vyv,f; fori =1,2and s € Fy, then

P+ 1) = ¢(a1 +a; +vi(by + by) +v,(c; +¢3) +v3(dy +dy) +

vy(e; +e3) + vivy(fy +f2)) =(a; +aza; +b; +a; +by,a; +c¢c; ta, +
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Cz,al+d1+a2+d2,a1+el+a2+ez,a1+b1+cl+f1+a2+b2+C2 +f2) =
(a;,a; + by,a, +¢cq,a, +dqy,aq +e,ay + by + ¢ + f1) + (ay,a, + by, a, +
C2 Ay +dy,a; + €3,a; + by + 3 + f5) = d(1r1) + P(12).
¢(sry) = ¢p(sa; + vy8by + vy5¢; + v35d, + vuse; + viV,5f;) = (saq, sa; +
shy,say + scy,sa, + sdy, sa; + seq, saq + sby + scy + sfy) = sp(ry).

Therefore, ¢ is linear. As ¢ is a bijective, then [C| = |¢(C)]| and since ¢ is a
distance preserving map, we have d; = d.

Hence, ¢(C) is a linear (6n, M, dy)-code over F,,. m

Proposition 3.2.1. Let ¢ be the Gray map from R™ to F5", let o be the cyclic
shift operator on R™ and let ¢4 be the quasi-cyclic shift operator on F5™. Then
b0 = @ed.

Proof. Let 1, = a; + v1b; + vyoc; + v3d; + v +V1V,f; R 0<i<n-—1.
Then we have

0(Tg, 11y s Tne1) = (Fpe1, 1oy veer Tne2)-

By applying the ¢, we have

¢(O’(T‘0, [EVRTTY rn—l)) = ¢(Tn_1,T0, 'Tn—Z) = (an—l: Agy .y Ap—2,0p—1 +
bn_l, (oA + bo, vy, Ap_2 + bn_z, Ap_1 + Cn-1, Qo + Coy ) Ap_2 + Cn—2,0n_1 +
dpn_1,a9 +dg, ..,y +dp_o,0p_1 +€p_1,00+ €g, e, Ao + €2, a1 +

bp_1+ cpq1 + fa—1,a0 + bo +¢o + fo, ez + bp_p + oz + fr_2).

On the other hand,

(p6(¢)(r0,7‘1, ""rn—l)) = (an—lf Agy -y Ap—2,Ap—1 + bn—lﬂ Qo + bO' v dp_p +
by o, an_1+Cp_1,00+Coy e, Qg+ Cp_o,0p_1 +dy_q1,a0 +dg, ...,ap_o +
dp—2,0n-1+€p-1,a0 + €, ..., An2 + €n_s,an_1 + by + Co1 + fr1,a0 + by +

Co + for s Qnoz + bz + Cp_p + fr_2).

Thus ¢po = pgo. |

Theorem 3.2.2. Let o and ¢, be as defined above. A code C of length n over
R is a cyclic code if and only if ¢(C) is a quasi-cyclic code of index 6 and length 6n

over Fp,.
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Proof. Suppose C is a cyclic code. Then a(C) = C. If we apply ¢, we have
#(a(C)) = $(C). From Proposition 3.2.1, ¢(a(C)) = ¢e(¢p(C)) = $(C). So,
¢(C) is a quasi-cyclic code of index 6.

Conversely, if ¢(C) is a quasi-cyclic code of index 6, then ¢4(¢(C)) = $(C).
Again, from Proposition 3.2.1, ¢¢(¢(C)) = ¢(a(C)) = ¢(C). Since ¢ is injective,
it followsthato(C) =C. =

Proposition 3.2.2. Let ¢ be the Gray map from R™ to F5", v, be the w-
constacyclic shift operator on R™ and ¢gq ¢ be the Q-multi-twisted shift operator on
F,‘;”, where Q = (ag, a0 + a1, a9 + a3, @9 + @3, a0 + ay, ¢y + a1 + a, + a5) and

W =ay+ a,v; + a,v, + azvs + a,v, + asv,v,. Then ¢y, = PaeP-

Proof. Let r; = a; + v1b; + vyc; + v3d; + v4e; + V1V, f; € R,where 0 < i <

n — 1 and ¢ be the Gray map that we defined earlier. It is easy to show that
wvy = (g + a)vy + (az + as)vyvy,
wv, = (g + ax)v; + (@1 + as)v v,
wvs = (ap + az)vs,
wvy = (g + ay) vy,
w1V, = (ay + a; + ay + as)v vy,

then wry,_1 = agan_1 + v1(a1a,_1 + (@g + @1)by_y) + va(aza,_ 1 +
(ag + az)cn-1) + v3(aza,_1 + (ag + az)d,—1) + va(asan_1 + (@g + ag)en_1) +
V1V (@sp_g + (@2 + as)bp_q + (ay + as)cy_1 + (@ + a1 + ay + as)f_1).

We have

(.b(]/w (10, 71, ---;Tn—1)) = Pp(wry_1, 70, oo, Tn—2) = (XoAn_1, Ag, -, Az, (g +
a1)(@n-1 + bp_y),ag + by, .., An_z + bz, (ag + @3)(An-1 + cp-1), a0 +

Cop wenr Aoz F Cn_g, (@g + a3)(Ap_1 +dp_1), a9 + dg, o, Ay + dy_o, (@g +
a3)(An-1+en_1),a0+ €p, e, An_z + €3, (@ + a; + az + as)(ap_q + byy +

Cno1 t fn=1), @0 + bg + co + fo, e Az + by_3 + Chpy + fr_3).
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On the other hand
(1o, oy Ty—q) = (ag, @q, oo, Ap_q1, a9 + by, @y + by, ..., p_q + b1, a9 + Co, a4
+ ¢y, Qpoq + Cpq, a9 +dg,aq +dq, ..., an_q +dy_q,a9 + €9, a4
+ey, ., An 1+ ep_1,a0+by+co+ fo,a1 +by+c1 + f1, ., Qpq

+ bn—l + Cn—1 + fn—l)-

By applying the ¢q ¢, we have

Pa6(D o, 11, s 1)) = 0a,6(a0, A1, oo, An1, Ao + Bo, @y + by, e, g +
b,_1,a9 +co,ay +Cq, .., Quq +Cp_1,09 +dg, a1 +dq, ..., ap_1 + dp_q,a0 +
€0,y + €4, .., Qn_1tey_1,a0+bg+co+ fo,a1+by+ci+fi1, ., anq + by +
Cno1 + fro1) = (Vao (ao, @1, ) A1), Yag+a, (@0 + bo,ay + by, oo a1 +
bn—1),Yag+a,(@o + Co, A1 + €1, oy Qn1 + Cno1), Yagras (@0 + do, aq +

dy) ey A1 + A1), Yagra, (@0 + €0,01 + €1, o, Qn1 + €n1), Vag+ag +az+as (Ao +

bo+co+ fo, a1+ by +¢1 + fi, e, oy + by_g + Cuoq + o).
Thus ¢y, = @aep. ®

From Proposition 3.2.2, the following theorem can be easily verified:

Theorem 3.2.3. Let y,, and ¢@q ¢ be as defined above. A code C of length n
over R is a w-constacyclic code if and only if ¢(C) is a Q-multi-twisted code of
index 6 and length 6n over F,, where Q = (ag, a¢ + a3, a9 + az, ap + as,ap +
g,y +a;+a, +as)and w = ag + a0 + AU, + agvs + auv, + asvyv,.

Proof. Suppose C is a w-constacyclic code. Then y,(C) = C. If we apply ¢,
we have ¢ (v, (C)) = ¢(C). From Proposition 3.2.2, ¢(y,(C)) = pae(¢p(C)) =
¢(C). So, p(C) is a Q-multi-twisted code of index 6.

Conversely, if ¢(C) is a Q-multi-twisted code of index 6, then ¢ ¢(¢(C)) =

#(C). From Proposition 3.2.2, ¢qe(¢(C)) = ¢(y,(C)) = ¢(C). Since ¢ is
injective, it follows that y,, (C) = C. [ |
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3.3. w-constacyclic Code over R

We denote that

@ A ={a,+a,+az+a,+as+asa €4;,1<i<6},

1<i<6

1®6Ai = {(a'll a,,as, Ay, s, a6)l a; € Ail 1<i< 6}
Sis

Let C be a linear code of length n over R and
Cy ={a € Fyla+vib+ vyc+v3d + vse + vivof € C,3b,c,d, e, f € Fp},
C;={a+beFjla+vib+vyc+vsd+uve+vv,f €CacdefeFy
C3 ={a+ceF}a+v,b+vyc+v3d+v4e+vyv,f €C,3b,d,e, f € Fy},
Cy={a+deF}a+v,b+vyc+vsd+vse+vv,f €C3b,ce f € Fpl,
Cs ={a+eeFpla+vb+vyc+vsd+ve+vv,f €C3ab,c,d feFyl
Co={a+b+c+feFpla+vib+vyc+vid+ve+vv,feC3deecFpl

Obviously, C;,1 < i < 6 are linear codes over F,. Moreover, the linear code C can
be writtenas C = @ A;C;, where dy(C) = min{dy(C;),1 <i < 6}.
1<i<6
Theorem 3.3.1. Let C be a linear code of length n over R, then ¢(C) =
® C;and |C| =TI, 1C;| .

1<i<6

g, A1, ey A1, bg, b1y« y by_1,C0> C1y v r C—1, c
041, «v, Ap—1, €g, 91:---:en—1:f0:f1' ""fn—l

Let (ro,7, ..., T—1) € C, Where 1; = a; + v,(b; — a;) + v,(c; — a;) + v3(d; — a;) +

Proof. Let (

vy(e; —ap) +viva(a; — by — ¢+ fi) € R.
From the definition of C;, we obtain that

(ao, al, ---,an_l) E Cl, (bo, bl, ---,bn_l) E Cz,
(CO,Cl, ---,Cn_l) E C3, (do, dl, ---,dn_l) e C4_,
(eo; €1, ""en—l) € CS; (fO'fll ""fn—l) € C6 '

So,

g, A1, - An_1,bg, b1y ey bp_1,C0) C1s v » C—1,
€ER C
do, dl’ ey dn_l, 60, el, ey en_l, fo, fl’ ---'fn—l 1<i<6
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Hence, ¢p(C) € @ C;.

1<i<6

On the other hand, for any

g, A1, -, Ap_1,bo, b1, oy bp_1, €0, €1y -+ Cp—1,
€e® ¢
do, dl’ ey d‘l’l—l’ eo, el, sy en_l, fOlfl’ ...,fn_1 1<i<6

where
a = (ag, ay,...,an_1) € C;,b = (by, by, ...,by_1) € Cy,
¢ = (c,C1yrCp-1) € C3,d = (dg,dy, ..., dp_1) € Cy,
e = (eg, €1, rn-1) € Cs, f = (fo, f1) oe» fri—1) € Cs.
From the definition of C, we have

c"=a+vi(b—a)+vy(c—a)+v3(d—a)+v(e—a)+vivy(a—b—c+f)e
C. So,

gy, A1, ) Ap_1,bg, b1,y e, b1, Co, C1, oor ) cn_1,>
)

Pe) = (do, dy, o, dn-1,€0,€1, s €n1, foo fu s 1

which gives @ C; € ¢(C). Hence, ¢p(C) = ® C;.
1<i<6

1<i<6

Since ¢ is bijective fromCto ® C;, |C|=

1<i<6

_ 6
1§6Ci == 1CGl. m

From Theorem 3.3.1, we get that |C| = p6n-2i=14e8(9:®) where g;(x) are the

generator polynomial of C;.

Theorem 3.3.2. Let C be a linear code of length n over R, then ¢(C*t) =
¢ (C)*. Moreover if C is self-dual, so is ¢(C).

Proof. For all x € C and y € Ct, let x; = a; + v1b; + vy¢; + v3d; + vae; +
vvyf;  and  y; = a; + vib; + vyc] + vad; + ve; + viv,f]  such  that x =
(XO'xlf "'lxn—l) and y= (yOI Y ""yn—l)' If

n—-1
Xy = Z [a;a; + v,(a;b] + b;a; + b;b;) + v,(a;c; + c;a; + c;c;)
i=0

+ v3(a;d; + d;a; + d;d;) + vi(a;e; + bie; + eje]) +viv,(a;f]
+ b;f{ + bic; + ¢;b; + ¢if] + fia; + fib; + fic; + f:f{)] = 0.

Then
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n-—1 n-—1 n—1
> wai=) (abi+bha b=y (ac + g + o)
i=0 i=0 i

= =0

n-1 n-1
= > (@it b +ee) =) (ad;+diaj + did)
i=0 i=0

n—-1

= Z . (aifi + bifi + bici + cibi + cif{ + fia; + fibi + fic;
1=

FRID =0,

Therefore
n-—1
$) - B(y) = 62
i=0
n-1

+2<Z (a;b; + b;a; +bb)+z (aic{+cia{+cicl-')>
n-1

+Z (a;e; + b;e] +ee)+z (a;d; + d;a; + d;d;)
i=0

+ z CC@ufi + bif{ + bicl + cib{ + ciff + fiaf + fib] + fi
i=
+ fifi) = 0.
Thus ¢p(Ct) € ¢p(0)*.

By Theorem 3.2.2, we can verify that |¢p(C1)| = |¢(C)*| which implies that
d(CH) = p(C)L. If C is a self-dual code, so ¢p(C) = p(C*) = ¢p(C)* which implies
that ¢(C) is self-dual. =

Theorem 3.3.3. Let C be a linear code over R, then C* 1<EP<6/1 iCit.
Moreover, C is self-dual if and only if C; is self-dual over F,, where 1 < i < 6.
Proof. Define
¢ ={aeF}la+vb+vyc+v3d +ve +vyv,f € CHab,c,d e f € F},
C; ={a+beFpla+vib+vyc+vid+ve+vv,feChiacdef eFL
C; ={a+ceFlla+vb+vyc+vsd+vse+vv,f € CLabdef € FLl,
C; ={a+deF}a+vb+vyc+vsd+vee+vv,f € CLab,ce f € FL,

€ ={a+eeF}a+v,b+v,c+v3d+v4e +vyv,f € CL3b,c,d, f € FI},

Ce —{a+b+c+f€F |a+v1b+v2c+v3d+v4e+v1v2feC EldeEF”}
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Then C+ = @ A,C; and this expression is unique. Clearly C; € Ci*. Let r € Cit
1<i<6

and s =al; + bA, + cA3 +dAs +eds + fAg € C where a,b,c,d, e, f € Fj, then
Mr-s=2;-a=0,5s0 1,7 € C*, by the unique expression of Ct, r € C;", which

implies Ci- € C; and Cit = C7.

Similarly, we can prove that ¢} =, for 2 <i < 6. Therefore C* =
® A,Ct

1<i<6

If C is self-dual, then ¢(C) = ¢(C1), by Theorem 3.3.1, (€)= ® C} =

1<i<6

d(CH) = ® C;+, which implies ¢; = C;* for 1 <i < 6. Clearly, if C; is self-dual
6

1<i<

over F,for1 <i<6,s0isC. =

Theorem 3.34. Let C = @ A;C; be a linear code over R. C IS a w-

1<i<é6
constacyclic code over R if and only if C;,1 <i <6 are a,-constacyclic code,
a, + a;-constacyclic code, a, + a,-constacyclic code, a, + as-constacyclic code,
a, + as-constacyclic code, a, + a; + a, + as-constacyclic code over Fp,
respectively, where w = ay + a v, + a,v, + azvs + a,v, + asv v, IS a unit over

R.

Proof. Forany r = (19,14, ..., Tp—1) € C, We write its components in this form
= al-)ll + biAZ + Cl'/13 + di/Ll» + el'/15 + fil6! where a;, bi' Ci, di' el-,fl- € Fp and

0<is<n-1

Leta = (ao, aq, ., an_l), b = (bo, bl, ey bn—l)' Cc = (Co, Cqy veey Cn—l)»

d = (do, dll ...,dn_l),e = (eo, el, ...,en_l),f = (fO'fl’ ""f‘l’l—l)’ then a e Cl,b €
CZ’C € C3rd € C4-)e € CS!f € C6 '

If C;,1 <i < 6are ay-constacyclic code, a, + a;-constacyclic code, ay + a,-
constacyclic code, a, + as-constacyclic code, a, + a,-constacyclic code, «, +
a; + a, + as-constacyclic code over F,, respectively, then y, (a) € Cy, Vg +q, (D) €
Cos Yag+a, (€) € C3,Vag+as (d) € CayVay+a,(€) € Cs, Vag+ay + ap+as (f) € Cs. Then

we have
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Yo(r) = (@(ap-1 A1+ bp1 A+ cna Az +dpg Ay +en1 As + fn1 A6), a0 1a
Fbo Ay + Co s+ do Ay + g Ag + fy Aey ey @z Ay + by A
tonalztdpadaten s+ fnole)

= (agan_1A1 + (ag + a)by_14; + (g + az) 143 + (g + a3)d 144
+ (g + ag)en_14s + (g + a1 + @, + as) fu_14¢, apA1 + bo,
+ coAz + doAy + eglds + fole, ooy AnaAy + by + Cp_sls
+ dp oAy + enalds + frode)

= (@o@n-1,Ag» -» An—z) 1 + (a0 + @1)by_1, bo, e, by_2)
+ ((ao + a,)cn_1,Co, ...,cn_z)/13 + ((ao + a3)d,_q1,dy, ...,dn_z)/14
+ ((ap + as)en_1, €9 s en_z)s

+ ((“0 + a; + a; + as) fu-1, fo, ---,fn—z)/le

= Ya, (@) + Yao+a, (b)A; + Yag+a, (c)A; + Yao+as (d)Ay + Yao+a, (e)ds +
ydo+a14-a2+a5(f)ﬂ6 eC.

This proves that C is a w-constacyclic code over R.

Conversely, for all a = (ay, a4, ...,an—-1) € C1,b = (by, by, ..., by_1) € Cy,c =
(Co» €1y ey Cneq) € C3,d = (dy,dy, ...,dp_1) € Csye = (eg, €1, .., €q_1) € Cs, f =
(for fir oor frim1) € Cg, et 13 =a;A; + bid, + ciAs + didy + €As + fide, 0 < 0 <
n—1, then r = (1,14, ..., 7—1) € C. If C is a w-constacyclic code over R, then
Yo (1) = Yao (@A + Yagra, (D) A2 + Vagra, (A3 + Vagras (D As + Vagra, (€)4s +

Y(X0+a1 + az+as (f))'6 € C'

Thus v, (@) € C1,Vag+a, (D) € C2, Yag+a, (€) € C3,Vay+as(A) € Cuy Vay+a,(€) € Cs,
Yag+a, + ay+as (f) € Co. Therefore, C;,1 < i < 6 are ay-constacyclic code, ay + a;-
constacyclic code, a, + a,-constacyclic code, a, + as-constacyclic code, ay + a,-
constacyclic code, ay + a;+ a, + as-constacyclic code over F,, respectively. m

Theorem 3.35. If C = @ A;C; is a w-constacyclic code of length n over R,

1<i<6
then there exists a polynomial g(x) = ¥'%_, A; g;(x) in R[x] that divides x™ — w that
generates the code, where g;(x) is the generator polynomial of C; in F,[x] for each

1<i<eé.
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Proof. Let C = @ A;C; is a w-constacyclic code of length n over R. Let
1<i<6

gi(x) be the generator polynomial of C;, 1 <i < 6. It follows that C has the form

C=(A1 91(x), A, g2(x ), 23 g3(x ), A4 ga(x ), A5 gs(x ), A6 ge(x)).

Let ' = (X5, 4; gi(x)). We can have that C’' € C. Note that

’11'( 1k gi(x)) = Agix),1<j<6.

we can get that C € C'. So €' = C and C is generated by a single element. It is
known that the generator g,(x ) divides x™ — a,, g,(x ) divides x™ — (a, + a;),
gs(x ) divides x™ — (ay + a3), ga(x) divides x™ — (ay + @3), gs(x) divides
x" — (ag + a,) and gg(x ) divides x™ — (ag + a1 + a, +as)since C;,1<i<6
are ay-constacyclic code, a, + a;-constacyclic code, a, + a,-constacyclic code,
ay + as-constacyclic  code, a, + a,-constacyclic code, ay+ a;+ a, + as-
constacyclic code over F,, respectively. Let f;(x) be the polynomial such that
910 fi(x) = x" —ag, g2(X)f2(x) =x" — (o + a1), gs(X)f3(x) =x" — (ap +
az), ga(X)fa(x) = x™ — (ao + a3), gs(X)fs(x) = x" — (ap + a4), ge(X)f6s(x) =
x™ — (ag + a; + a, + ag). Then we have x™ —w = [¥5_; 4; ;G184 fi (0],
So, we have that x™ — w = g(x)[X5, 4 fi(x)]. m

Theorem 3.3.6. Let C =1§i9<6 A;C; be a w-constacyclic code of length n over R
and C = (2., A; g:(x)), where g;(x) is the generator polynomial of C;, for 1 <i <
6. Then

6
#© = (| a0,

Proof. We showed earlier that ¢(C) = K@GC“ let c(x) € K®<6Q such that
1< 1<

c(x) = i6=1fi(x) for any f;(x) € C;, since f;(x) can be generated by g;(x), then
there exist r;(x) such that f;(x) = r;(x)g;(x), then

6 6

0 = [ [rnwaw =] [nw [ _at

which means c(x) € ([15_, g;(x)) which implying that ¢ € ([I5_, g;(x)). It is easy
to show that,
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19(C)] = |C| = p&~Zizde8Wd = [([TE_, g, (x)).

Therefore ¢p(C) = ([15., gi(x)). =

3.4. Special Case: B-constacyclic Codes over R

Here we give an example of this class of constacyclic codes where a; = 1 for
0 < i < 5. One condition is necessary here 1+ v, + v, + v3 + v, + v, v, IS a unit
in R if p is an odd prime only. In this section, we shall denote 1+ v; + v, + v3 +

vy + Vv, DY B.

Proposition 3.4.1. g isaunitin R if p is an odd prime.

Proof. In order to prove that B is a unit, we need to find £~ € R such that
BB~ =1.Let =1 = Bg* + Br vy +B5 vy + B3 s + By My + B vy v,

Whenp = 2:

BB~ =Bt + (Bo" + 281 Dv + (Bot + 2B Dve + (Bt + 285 vs +
(Bo' + 2B va + (Bo " + 2B + 287" +4Bs Dvav, = Bo + Bo vi + o v +
Botvs + By vy + By vy v, and this implies that g is not a unit in R when p = 2.

For p is an odd prime: BB~ = Bt + (Bot + 2B vy + (Bt + 2B Hv, +
(Bot + 285 vs + (Bg' + 285 Dva + (Bo " + 2B + 2831 + 4Bs Dvyvy. SO, in
order to prove that 53~" = 1, all equations below must have solutions in F,, :

Bo' =180  +2p7 =0,B5" +2B;" =0,B5" + 251 =0, + 2B, =0,
Bol+2Bt+2B,1+4Bs1 =0 and the solutions are: Bol=1, Bil=p1=
Bit=B1=((@—-1)(@2Y), gt =47t Therefore, § is a unit in R if p is an odd

prime. m

Proposition 3.4.2. Let ¢ be the Gray map from R" to Fg”, yp be the -
constacyclic shift operator on R™ and ¢gq ¢ be the Q-multi-twisted shift operator on

FS", where Q = (1,2,2,2,2,4), then ¢yp = ¢q 9.

Proof. Let r; = a; + v1b; + voc; + v3d; + vpe; + Vv, f; ERTOr0<i<n-—

1 and ¢ be the Gray map that we defined earlier. It is easy to show that
,8171 = 2171 + 2771172,’8772 = 2172 + 2U1U2,BU3 = 2U3,BU4 = 2174,,81711]2 = 41]11]2,
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.Brn—l =0ap-1 + vl(an—l + an—l) + (%) (an—l + ch—l) + VU3 (an—l + Zdn—l) +
Va(An_y + 2ep1) + v105(an_1 + 2by g + 2051 + 4f_1).

We have

¢ (Y,B(rOr ---:rn—l)) = ¢(.8rn—1’r0» ---'rn—z) = (an—ll Qo) «+y An—2, Z(an—l + bn—l)r
ag+ by, ., 0p_g +by_2,2(ap_1 +Cn_1), a0+ Coy ey Qo + Cp_y,2(ap_1 +dn_1),
ag+dg,..,ap_y+dp_2,2(an_1 +€,_1),a0+ €0y e, An_z + €2, 4(ap_q1 +

bp_1+ Cuo1 + fa1),a0 + bo + co + fo, s Aoz + bz + Cpy + fr-2).
On the other hand,

oo, o, The1) = (ag, A4, vy A1, a9 + by, @y + by, ..., Qg + by_q1,a9 + o, a4 +
Ciy -y Ap_q + Cp_q1, 09 +dg, a4 +dy, ...,ap_1 +dp_q1,a0 + €9,a1 + €4, ..., 01 +

en-1,00+by+co+ fo,a1+by +cy+ fi, e, Qg F b1+ Cpoq + frm1)-

By applying ¢q ¢, We have

00,6(d (o, 1)) = 90,6(a0, Ay, vy 1, g + bo, @1 + by, eeey Ay + byg, a0 +
€0,y + €1y, Qg +Cp_1, a9 +do,a; +dyq, ..., 0p_q1 +dp_1,00 + €9, a1 +

€1y, 1+ €n_1,a0 + by +co+ fo, a1 +by+c1+f1, ., ap_1 +byp_1 + g1+
fa-1)-= (@n-1, a0, -, @n—2,2(an-1 + bn-1),a0 + by, .., An—z + bp_3, 2(an-1 +
Cn-1),Qg + Coy ey An_o + Cpn_2,2(ap_1 +dp_1),a9 +dg, ..., 0p_> + dp_5,2(ap_1 +
en-1),ao + €g, ., Ap—z + €p2,4(An-1+ by + 1 + fr1), a0 + by + ¢o +

for e @noz + bp_y + cnz + fr-2).

Thus DYp = Pacd. ®
From Proposition 3.4.2 the following theorem can be easily verified:

Theorem 3.4.1. Let yz and @q 6 be as defined above. A code C of length n
over R is a f-constacyclic code if and only if ¢(C) is a Q-multi-twisted code of
index 6 and length 6n over F,,, where Q = (1,2,2,2,2,4).

Theorem 3.4.2. Let C = @ A;C; be a linear code over R, C is a f-

1<i<6

constacyclic code over R if and only if C; are cyclic code, 2-constacyclic code, 2-
constacyclic code, 2-constacyclic code, 2-constacyclic code, 4-constacyclic code

over F,, respectively, for 1 < i < 6, where § is a unit over R.

41



Proof. For any r = (ry,14,...,7,—1) € C, We can write its components as
= al-)ll + biAZ + Ci/13 + di/Ll» + el-/15 +fl'/16! where a;, bl', (o di, el-,fi € Fp, 0<

i<n-1.

Leta = (ag,aq, ...,a-1), b = (by, by, ..., bp_1),¢ = (Cy, Cqy o) C—q),
d = (dy,dy,...,dpn_1),e = (eg, €1, -rn_1), f = (fo, f1, - fn-1), Where a € C;,b €
C,,c€(C3,deCye€ls,f el
If C; are cyclic code, 2-constacyclic code, 2-constacyclic code, 2-constacyclic
code, 2-constacyclic code, 4-constacyclic code over F,, respectively, for 1 <i <6,
then  yy(a) € Cy,v2(b) € C3,72(c) € C5,72(d) € Cyv2(e) € Cs,v4(f) € Co. Then
we have
Yp(r) = (Blan-1A1 + bp_1s + 1 dz + dy1ds + €145 + fro126), a0
+ boAy + cods + dody + egds + fole, ooy An_oAi + b2y + o3
+ dn_ads + en_2ls + fr_246)
= (ap_1A1 + 2by 1Ay + 2¢_1 A3 + 2dy 1 As + 264 145 + 4f 16, QgA1 F+ Dod,
+ coAz + dody + eohs + fole, oy Qn_oA + by_245 + C_z A3
+dy_2As +eq s + frnole)
= (an_1,ag, ) An_2)A + 2by_1, by, ooy bp_2) A5 + (2¢p_1,Coy +rr Cn2) A3
+ (2d,_1,dg, ooy dp_2) Ay + (241, €0 ) €n—2) 5
+ (4fn-1 for - fn-2)26
=y1(@)A; +y2(b)A; + v2()As + v2(d) Ay + v2(€)As + va(f)Ae € C.

This proves that C is a f-constacyclic code over R.

Conversely, for all a = (aq, a4, ...,a,_1) € C1,b = (by, by, ...,b,,_1) € C,,c =
(o €1y ey Cneq) € C3,d = (dy,dy, ...,dp_1) € Cyye = (eg, €1, ., €q_1) € Cs, f =
(for fir oor fie1) € Cg, et 13 =a;A; + bid, + ciAs + didy + €As + fide, 0 <0 <
n—1, then r = (ry, 14, ...,7—1) € C. If C is a B-constacyclic code over R, then
Yp(r) = y1(@)Ay + v2(b) Az + v2(c) A3 + v2(A) Ay + v2(e)As + va(f)A6 € C. Thus
y1(a) € Cy,v2(b) € Cy,72(c) € C5,72(d) € Cy,v2(e) € C5,v4(f) €C. SO (1<
i <6 are cyclic code, 2-constacyclic code, 2-constacyclic code, 2-constacyclic

code, 2-constacyclic code, 4-constacyclic code over F,,, respectively. m

Example 341 Let n = 15 and R = F3 + U1F3 + U2F3 + U3F3 + U4_F3 +
v,v,F5. We have g;(x) = ge(x) = x*? + x® + x® + x3 + 1 as a factor of x5 —
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land g,(x) = g3(x) = g4(x) = gs(x) = x® + x> + x + 1 as a factor of x5+ 1.
Then, C will be a p-constacyclic code of length 15 generated by g(x) =
¥5 1 4:9:(x) and ¢(C) is a [90,42,4] Q-multi-twisted code of index 6 and length 90
over F5, where

Q=((1,-1,-1,-1,-1,1)

and
ﬁ=1+v1+v2+v3+v4+171v2.

Here, we managed to find the distance of the code above by using the
properties in Theorem 2.3.3 and Corollary 2.3.4 and rewrote it in algorithmic form as

below:

Input: generator polynomial g(x)
Start:i = 2
Step 1: find the parity-check matrix H

Step 2: select all i combinations of columns of H as H;

Step 3: check every i columns of H; for linearly-dependency

Step 4: if true, then d = i and End;
elsei =i + 1 and repeat Step2-4 until i =# of H's columns —1

Output: d

By implementing the above algorithm using MATLAB, we calculated the

following results:
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Table 3.1. Generator polynomial of C; over F5 of length 15

9i(x) X" —a [n, k,d]

x84+ 2x7 + x> 4+ 2x* + 23 + 2x + 1 x®—1 [15,7,3]
x4+ x% + x% +x3 + 1 x> —1 [15,3,5]

x2 + x® + x7 + x% + x5 + 2x* + 2x3 x> —1 [15,6,3]

+ 2x%2 4+ 2x + 2

x10 + x5 + 1 x> —1 [15,5,3]
x6+x>+x+1 x®+1 [15,9,4]
x” +2x0+ x5 +x2+2x+ 1 x4+ 1 [15,8,4]

Table 3.2. Generator polynomial of C; over Fs of length 12

9i(x) X" —a [n,k,d]

x* + 2x3 + 4x? + 2 x2 -1 [12,8,4]

x* + 2x% + 4x + 3 x2 -1 [12,8,4]

x>+ 3x3 + x + 2 x12 -1 [12,7,4]

x7 4 2x® 4+ 2x5 + x* + 3x3 + 4x% + 3x x1?2 -1 [12,5,4]
+ 3

x* + x% + 2 x1%2 -2 [12,8,3]

x*+4x% +2 x1% -2 [12,8,3]

x* 4+ 3x3 + 2x2 4+ 2x + 1 x1? —4 [12,8,4]

x* 4+ 4x3 + 3x% + 4x + 1 x1% — 4 [12,8,4]

x* + 2% + 2x% + 3x + 1 x1% — 4 [12,8,4]

xt 4+ a3+ 3 +x+ 1 x12 — 4 [12,8,4]

By using the results in Table 1 and Table 2 above, we can find the parameters

of the 5-constacyclic code C generated by g(x) = X:5_; 4;;(x) easily.
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As a general rule, ¢(C) is a [6n, 6n — X.5_; deg(g;) ,min {dy(C;)}]-Q-multi-
twisted code of index 6 and length 6n over F,, where Q = (1,2,2,2,2,4).

Example 3.4.2. Let C be a B-constacyclic code of length 12 over R = F5 +
v, Fs + v,Fs + v3Fs + v,Fs + v,v,Fs generated by g(x) =Y5,4;9:(x), we
choose g, (x) as a factor of x'? — 1, g;_, 3 45(x) as a factor of x** — 2 and g¢(x) as

a factor of x'? — 4 from the table above
g1(x) =x* + 2x3 + 4x? + 2
92(x) = g3(x) = g4 (x) = gs(x) = x* + x* + 2
ge()=x* + x> + 3x2 + x + 1

Then ¢(C) is a [72,48,3]-Q-multi-twisted code of index 6 and length 72 over Fyg,
where Q = (1,2,2,2,2,4).

3.5. Decoding of B-constacyclic Codes over R

Let d; be the Hamming distance of C; where 1 < i < 6, since the Gray map is
literally the concatenation of C;, then we need to rethink about the Hamming distance
of ¢(C). For an instance, let ; € C;,1 <i <6, then 3r € ¢(C) such that r =
(r1]7m2] ... ]76), We see that r;’s segment differ from any matching codeword’s
segment in r; € C; by at least d; where r' = (r{|r3] ... |r¢) € ¢(C), then instead of
using ¢(C)’s syndromes in decoding, it is more efficient to apply the decoding

process using C;’s syndromes on the corresponding codeword’s segment.

Example on F3 + v1F3 + v,F3 + v3F3 + v4F3 + vV, F3

Let us use the generating polynomial g(x) = Y.5_; 4;9;(x) as explained in the

Example 3.4.1, we will generate the codeword w as

w=(x+x®+x)gx) =W, +v, +v3+v, +v0, + Dx* + 2x13 +
2uy + 2V, + 203 + 204 + 20,0, + Dxt + (v + vy + v3 + vy + V10, + 2)x10 +
(v + vy +v3 + v, + vy0)x° + x8 + vy + 2v, + 2v5 + 20, + 20,0, + 2)x7 +

(v + v, + V3 + v, + V10)x® + Uy + 2v, + 203 + 20, + 2v,v, + Dx° +
2uy + 2v, + 203 + 204 + 20,0, + 2)x* + (v + vy + V3 + vy + VU, + D3 +
x%2 + 2uy + 2v, + 2v5 + 20, + 2v,v, + 2)x.
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We can clearly see that the first and the last segment (i.e., the length of every
segment is 15 components) of the Gray image of w were both generated by (x +
x8 + x13) (2% + x% + x® + x3 + 1) as a [15,3,5]-cyclic codes. So, if we introduce
an error polynomial e(x) = x + x** with Hamming weight equals 2 (which is
exceeds the error correction capacity of the [90,42,4]-Q-multi-twisted code
mentioned in Example 3.4.1) to interfere with the first or the last segments, then we
obliged to apply the syndrome decoding algorithm for both segments regarding to
their parameters and not to the main code parameters. By Computing the syndromes
s;(x) of x'w(x) until wy(s;(x)) < 2, we see that it is only true for s;(x) = 1 + x?,
thus w(x) decoded to

w(x) — xs;(x) = w(x) — (x + x1%)

Briefly, every n-segment of a codeword in ¢(C) need to be decoded
independently with respect to their parameters only (where C is a f-constacyclic

code of length n over R).
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4. CONCLUSION

In this thesis, we discuss the main properties of the ring R in Section 3.1, we
found R to be a semi-local, non-chain and principal ring. In Section 3.2, we proved
that the Gray map ¢ from R to F3 is distance preserving and Gray the image of w-
constacyclic code of length n over R is a Q-multi-twisted code of index 6 and length
6n over F,, where Q= (ag, ay+ ay,ap+ ay, ag + a3,y + ay, a0 + @ + a, +
acz). In Section 3.3, we proved that the generator polynomial of w-constacyclic code
of length n over R is g(x) = ¥5_, 1;9;(x) where g;(x) is nothing but the generator
polynomial of C;. In Section 3.4, we gave an example of such a code where a; =
1,0 < i < 5. Finally, in Section 3.5, we describe the decoding procedure on the Gray
image of these types of codes, and we found that every n-segment in a codeword of
¢(C) need to be decoded (after being received) independently with respect to their

parameters only (where C is a S-constacyclic code of length n over R).
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